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Abstract: The chiral magnetic and vortical effects denote the generation of dissipationless
currents due to magnetic fields or rotation. They can be studied in holographic models with
Chern-Simons couplings dual to anomalies in field theory. We study a holographic model
with translation symmetry breaking based on linear massless scalar field backgrounds. We
compute the electric DC conductivity and find that it can vanish for certain values of
the translation symmetry breaking couplings. Then we compute the chiral magnetic and
chiral vortical conductivities. They are completely independent of the holographic disorder
couplings and take the usual values in terms of chemical potential and temperature. To
arrive at this result we suggest a new definition of energy-momentum tensor in presence of
the gravitational Chern-Simons coupling.
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1 Introduction
At finite temperature and chemical potential anomalies give rise to new dissipationless
transport phenomena, the chiral magnetic (CME) and chiral vortical effects (CVE) (see
[1, 2] for recent reviews). Holography has played a major role to arrive at the modern
understanding of these effects [3–6].
In holography the dynamics of strongly coupled quantum systems is mapped onto the
gravitational dynamics of higher dimensional black holes [7, 8]. In its most common form
the dynamics of the black hole horizon describes a fluid and this horizon fluid can be mapped
to the hydrodynamics of the dual strongly coupled quantum system. In the hydrodynamic
setup momentum is an exactly conserved quantity. Momentum conservation gives rise to
convective transport of charge and leads to infinite DC conductivities. Having applications
of holography to strongly coupled condensed matter systems in mind, one wants however
a setup in which momentum is not conserved resulting in finite DC conductivities. This
means that translation symmetry must be broken. A way of doing this in holography is by
giving the graviton a mass [9–13]. A particular simple way of introducing such a mass is
based on massless scalar fields in AdS space with spatially linear profiles [14].
Such models have been analyzed in [15] for theories dual to (2+1) dimensional strongly
coupled field theories. There it was shown that the holographic DC conductivity obeys a
lower bound of the form e2σ ≥ 1 where e2 is the bulk Maxwell coupling. Therefore
holographic disorder driven metal insulator transitions are absent. A different picture
arises if additional couplings are included that lead to effective renormalization of the bulk
gauge coupling constant. In [16, 17] it was found that couplings between the massless scalar
fields and the Maxwell field lead to conductivities that are unbounded from below, even
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becoming negative for certain ranges of the parameters and thus indicating some instability
of the system.
Here we will be interested to generalize the setup of [16, 17] to strongly coupled theories
in (3+1) dimensions described by holography. There are a couple of differences to the (2+1)
dimensional setup. First of all the scaling dimension of the conductivity changes. More
importantly (3+1) dimensional field theories with chiral fermions have chiral anomalies
which in holography are represented by five dimensional Chern-Simons terms. Two such
terms are relevant: a pure gauge Chern-Simons term for the usual chiral anomaly and
a mixed gauge gravitational Chern-Simons term for the gravitational contribution to the
anomaly. Inclusion of these terms is known to give rise to the chiral magnetic and chiral
vortical effects (CME and CVE). These currents are a direct consequence of the anomalies
and thus are protected from quantum corrections and give rise to dissipationless transport.
One would therefore guess that their values have to be independent of the graviton mass
and even the charged disorder parameter introduced in [16, 17]. The purpose of this work
is to check this in a simple explicit example, and indeed we find that the CME and CVE
are completely insensitive to the holographic disorder parameters. In order to arrive at
this result we need however to re-analyze the form of the holographic energy-momentum
tensor. For the particular case of the massless scalar field background under consideration
the usual expression of the holographic energy-momentum tensor receives a correction
due to the presence of the mixed gauge gravitational Chern-Simons term. Only by using
this corrected form of the energy-momentum tensor we find the expected result that the
anomalous transport is insensitive to the holographic disorder. This solves the puzzle found
in [18] based on the uncorrected form of the energy-momentum tensor.
This work is organized as follows: we introduce the model and fix conventions in
section 2. In section 3 we calculate the electric DC and the chiral magnetic and chiral
vortical conductivities. We conclude and discuss our results in section 4.
2 Holographic momentum relaxation
We will base our considerations on the Stu¨ckelberg mechanism using massless scalar fields
(Goldstone modes of translation symmetry breaking). For each spatial dimension we in-
troduce a scalar field XI , I = 1, . . . , 3. A spatially linear profile of these scalars provides
the mass for the gravitons. The action of our model is
S =
∫
d5x
√−g
[
R+ 12− 1
2
∂µXI∂µX
I − 1
4
F 2 − J
4
∂µX
I∂νX
IFµ λF
λν
]
+SGH+SCS+SCSK .
(2.1)
For simplicity we have set the scale of the AdS radius, the gravitational coupling 12κ2 and
the bulk gauge coupling e to one. The latter can easily be re-introduced by scaling the
gauge field accordingly. The coupling J represents the effects of disorder on the charged
sector of the theory [16, 17]. Our model is a particular simple case of the class of models
studied there. SGH is the usual Gibbons-Hawking counterterm. In addition we introduce
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a Chern-Simons action and counterterm
SGH = 2
∫
∂
d4x
√
γK , (2.2)
SCS =
∫
d5x
√−gǫµνρλσAµ
(α
3
FνρFλσ + λR
α
βµνR
β
αλσ
)
, (2.3)
SCSK = −8λ
∫
∂
d4x
√
γnµǫ
µνρλσAνKρτDλK
τ
σ , (2.4)
where γµν is the induced metric and Kµν is the extrinsic curvature on the boundary defined
by an outward pointing unit normal vector. The gauge variation of the Chern-Simons action
is a total derivative and leads to the anomaly
δS =
∫
∂
d4x
√−γǫijkl
(α
3
FijFkl + λR
a
bijR
b
akl
)
. (2.5)
Here Ra bij is the intrinsic curvature on the boundary. This form holds for finite holographic
cutoff only if the counterterm SCSK is added to the action [6].
The equations of motion are
0 =Gµν − 6gµν +
1
2
Fµ
λFλν −
1
8
gµνF
2 − 1
2
∂µX
I∂νX
I +
1
4
gµν(∂ρX
I)(∂ρXI)− (2.6)
J
4
(
X˜.F.F + F.X˜.F + F.FX˜
)
µν
+
J
8
gµνtr(X˜.F.F )− 2λǫαβγδ(µ∇ρ
(
F βαRρ ν)
γδ
)
,
0 =∇µFµν +
J
2
∇λ(X˜.F )νλ −
J
2
∇λ(X˜.F )λν + ǫναβγδ (αFαβFγδ + λRρ σαβRσ ργδ) , (2.7)
0 =XI +
J
2
∇µ(∂νXIF ν λF λµ) . (2.8)
Following [17] we have defined X˜µν = ∂µX
I∂νX
I such that we can multiply X˜.F.F =
∂µX
I∂νX
IF ν λF
λµ, etc. Momentum dissipation is implemented by giving the scalar fields
a linear profile (note that there are only derivative couplings of XI). We use three scalars
for the three spatial dimensions and choose
X1 = kx , X2 = ky , X3 = kz . (2.9)
Because the scalars couple only through derivatives, the field equations and solutions will
still be formally translational invariant. The parameter k gives the graviton however a
mass and this suffices to make the DC conductivity of a charged black hole solution finite.
As we will see, it also fixes a preferred frame (the rest frame of the impurity density) and no
frame ambiguity in the definition of the anomalous transport coefficients appears [19–21].
In order to define the background we look for charged black hole solutions with AdS
asymptotics of the form
ds2 =
1
u
(−f(u)dt2 + dx2 + dy2 + dz2)+ du2
4u2f(u)
, (2.10)
At = φ(u) . (2.11)
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The equations of motion for the blackening factor and the time component of the gauge
field are
0 = f ′(u) +
2
u
(1− f(u))− u
2
3
(φ′(u))2 − k
2
4
, (2.12)
0 = φ′′(u) . (2.13)
We fix two integration constants by demanding that φ vanishes at the horizon and that
the horizon sits at u = 1. The solutions are then
f(u) = (1− u)
(
1 + u− k
2
4
u− µ
2
3
u2
)
, (2.14)
Φ(u) = µ(1− u) . (2.15)
We identify µ with the chemical potential. The temperature is
T =
1
π
(
1− k
2
8
− µ
2
6
)
. (2.16)
In this simple theory the background does not depend on the charge disorder coupling J .
It therefore reduces to the solution found in [14].
2.1 Holographic energy-momentum tensor
The mixed gravitational Chern-Simons term makes the analysis of the holographic dictio-
nary much more complicated than in the standard case. This is due in part to the fact that
it is a higher derivative term. We want to treat it in an effective field theory spirit, i.e. in a
perturbative way and compute the leading effects in the gravitational anomaly coupling λ.
Even to this order we need to take into account that the standard definitions of the holo-
graphic operators might change. In particular the standard Brown-York stress tensor has
to be supplemented with extra terms coming from the gravitational Chern-Simons action.
Furthermore, the higher derivative nature of the theory entails that two independent modes
emerge in the asymptotic expansion of the metric near the boundary. Following the stan-
dard dictionary these can be understood as sources for two different operators. However,
it is in principle possible to impose asymptotic boundary conditions in which one of these
modes is absent and the extrinsic curvature is a functional of the near-boundary metric.
The variation of the on-shell action with respect to the boundary metric gives then the
stress tensor of the dual theory.
Let us outline the main steps in the construction of the stress tensor in our case. For
convenience we switch in this section to the standard Fefferman-Graham coordinates
ds2 = dr2 + γijdx
idxj (2.17)
where the asymptotic AdS expansion reads
γij = e
2rγ
(0)
ij + γ
(−2)
ij + e
−2rγ
(−4)
ij + . . . . (2.18)
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Choosing a timelike hypersurface at a fixed r, we vary the on-shell action:
δS =
1
2
∫
∂
√−γ (tijδγij + uijδKij)+ δSmatter . (2.19)
Notice that for now we keep γij and Kij as independent variable. Only at the end of the
construction we will restrict ourselves to the asymptotic expansion (2.18). We will rephrase
the bulk constraint equations as the Ward identities of the dual theory. This allows us to
find a bulk expression for the stress tensor by comparison with the QFT expression. As
we expect the theory to contain a further operator on general solutions, we will allow the
extrinsic curvature to only enter, outside of the stress tensor, as a source term. Consistency
however demands such contribution to vanish asymptotically once (2.18) is considered.
Using thus the standard forms of the variations δγij and δKij under diffeomorphisms
one finds the Ward identity:
Di
(
ti j + u
ilKlj
)
= uilDjKil + F
ijJi − Y I∂jXI − 8λDk
(
ǫlmnpFlmR
k
jnp
)
, (2.20)
where
Y I =
√−γ
[
X˙I +
J
2
(
F riX˙I + F ji∂jX
I
)
Fir
]
(2.21)
is the momentum conjugate to XI and
J i =
√−γ
[
F ir − 8λǫijklKmj DkKlm +
J
2
(
F ir∂iX
I∂jXI − X˙IX˙IF rj − X˙I∂iXIF ij
)]
(2.22)
is the current. The latter fulfills the Ward identity
DiJ
i = −ǫijkl
(
α
√−γFijFkl + λRa bijRb akl
)
, (2.23)
To compare to a weakly coupled theory with Nχ chiral fermions we can identify
α =
Nχ
32π2
, λ =
Nχ
768π2
. (2.24)
Notice that this definitions contain terms proportional to the couplings J and λ which
vanish at the conformal boundary. Due to the fact that it obeys the correct form of Ward
identity we define the holographic energy-momentum tensor as
Θij = t
i
j + u
ilKlj . (2.25)
We also note that Θij and J i are the covariant currents in the sense of [22] and (2.20),
(2.23) are the covariant anomalies.
The tensor tij can furthermore be divided into the standard Brown-York contribution
tij0 and a part that stems from the mixed gauge gravitational Chern-Simons term t
ij
λ . A
lengthy but straightforward calculation gives
tij0 = −2
√−γ(Kij −Kγij) (2.26)
tijλ = −8λ
√−γǫmnp(i
(
2DnK
j)
p Frm + γ
j)lK˙lnFpm − FpmKj)l K ln
)
, (2.27)
uij = 8λ
√−γǫmnp(iFmnKj)p , (2.28)
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where round brackets indicate symmetrization A(ij) =
1
2 (Aij +Aji).
The additional contributions will be essential to get the physically correct results for
the anomalous transport coefficients. This generalizes the expression found in [23] to cases
in which γ(−2) does not vanish. We also note that (t0)
i
j is divergent and needs to be
regularized by the standard counterterms [24]. In contrast, the additional contributions
(tλ)
i
j and u
ilKlj are already finite before the holographic renormalization is performed.
In principle the correction can also be found by noting that the variation of Kij under
the assumption of the asymptotic expansion (2.18) is not independent from the variation
of γij . We note that in the case of holographic pure gravitational anomalies dual to two
dimensional field theories a similar correction has been found in [25].
This definition of the stress tensor, together with the further contribution to the Ward
identity (2.20) are nontrivial consequences of the dynamics of the anomalous theory. An
in depth analysis of their properties will be given in a forthcoming publication.
3 Electric and chiral magnetic conductivities
In this section we will compute the electric DC conductivity and the chiral magnetic and
chiral vortical conductivities in linear response theory. We start with the
3.1 DC conductivity
We introduce the small perturbations
Az = ǫ(−Et+ az(u)) , (3.1)
gtz =
ǫ
u
hzt (u) , (3.2)
guz =
ǫ
u
hzu(u) . (3.3)
E is the external electric field and the perturbations all fulfill az(0) = h
z
t (0) = h
z
u(0) = 0,
i.e. they do not introduce additional sources. The equations of motion are
0 =
(
1 + 2u3Jφ′(u)2
)
hzu + E
uφ′(u)
k2f(u)
(
1− k
2
2
Ju
)
, (3.4)
u2f(u)
(
h′zt (u)
u
)′
=
k2
4
(
1 + 2u3Jφ′(u)2
)
hzt − u2φ′(u)
(
1− k
2
2
Ju
)
f(u)a′z(u) , (3.5)
0 =
[(
1− k
2
2
Ju
)(
f(u)a′z(u) + φ
′(u)hzt (u)
)]′
. (3.6)
We solve these equations following [26]. Note that hzu(u) obeys an algebraic equation.
Demanding regularity of the metric we find that as one approaches the horizon
2f(u)hzu(u) = −hzt (u) . (3.7)
The equation for az(u) is a total derivative and can be integrated. On the horizon we
can compute f(u)a′z(u) using the equation for h
z
t . Noting that the current is Jz =
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2 limu→0 f(u)a
′
z(u) we obtain the conductivity σDC = J/E
σDC =
(
1− k
2
2
J
)1 +
(
1− k22 J
)
4µ2
k2 (1 + 2Jµ2)

 . (3.8)
This expression is the dimensionless conductivity where we have set the horizon to uh = 1.
It is qualitatively of the same form as the one discussed in the AdS4 model in [17], e.g.
it vanishes for k2J = 2 and can become even negative in some range of the parameters
indicating an instability. We also note that for J = 0 the dimensionless conductivity obeys
a similar bound as the one proven for holographic matter in 2+1 dimensions in [15]. Our
main interest is however in the anomalous transport coefficients so we will not further
investigate the properties of σDC .
3.2 Chiral magnetic conductivity
We now introduce the magnetic field as a perturbation by
Ay = ǫBx , (3.9)
Az = ǫaz(u) , (3.10)
gtz =
ǫ
u
hzt (u) . (3.11)
The equations of motion for the perturbations are
4αBφ′(u) =
[(
1− k
2
2
Ju
)(
f(u)a′z(u) + φ
′(u)htz(u)
)]′
, (3.12)
u2f(u)
(
h′zt (u)
u
)′
=
k2
4
(
1 + 2u3Jφ′(u)2
)
hzt − u2φ′(u)
(
1− k
2
2
Ju
)
f(u)a′z(u)
− 2Bλf(u) (3uk2 + 16u2φ′(u)2 + 12f(u)− 12) . (3.13)
The strategy to integrate these equations is as follows. First we solve the equations for
az(u) by writing
htz(u) =
f(u)
µ
a′z(u) +
4αB(u− 1)
1− k22 Ju
, (3.14)
where we have fixed an integration constant by demanding that htz(u) vanishes on the
horizon. The equation for htz(u) is now converted into a third order equation for az(u).
This equation can be integrated and the remaining three integration constants can be fixed
by demanding regularity of the solutions on the horizon. Due to the presence of the mass
terms for the graviton fluctuation, this means in particular that htz(u) has to vanish on
the horizon. We note that for k2 = 0 this is not the case and gives rise to an additional
integration constant that eventually corresponds to the choice of frame in a hydrodynamic
setup. Without going into the details of the solution, we note that this procedure results
in the asymptotic expansions
az(u) = 4αBµu+O(u
2) , (3.15)
hzt (u) = −
(
αµ2 + 8λπ2T 2 − λk
2
2
)
Bu2 +O(u3) . (3.16)
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The result is almost independent of the disorder parameters k and J . However if we apply
the usual holographic dictionary and compute the energy-momentum tensor from these
solutions we would find T0z = 4g
′
tz(u = 0) [24]. As we have argued in the previous section
this corresponds only to the contribution tij0 , and we need also to calculate the corrections
due to (tλ)
ij and uilKlj. These can be easily calculated from the background and give
(tλ)
ij = 0 , (3.17)
(u.K)ij = 2k2Bλδi(0δz)j . (3.18)
Using therefore the new definition of energy-momentum tensor (2.25) and assembling the
components Θi0 into the energy current ~JE , we find
~J = 8αµ~B , (3.19)
~JE = (4αµ
2 + 32λπ2T 2) ~B . (3.20)
Taking into account (2.24) these are the usual expressions for the chiral magnetic effect in
(covariant) charge and currents.
3.3 Chiral vortical conductivity
We will represent vorticity by introducing a gravitomagnetic field Bg in the z direction.
The relation between vorticity and the gravitomagnetic field follows from observing that
Ωi = 12ǫ
ijk∂juk. In the rest frame u
µ = (1, 0, 0, 0), the gravitomagnetic field is the mixed
space-time component of the metric in the dual field theory ds2 = −dt2 + 2dt ~Agd~x+ d~x2.
With the gravitomagnetic field defined as ~Bg = ~∇ × ~Ag, it follows ~Bg = 2~Ω. The ansatz
for the perturbations is
Ay = ǫBguµx , (3.21)
Az = ǫaz(u) , (3.22)
gty = ǫ
f(u)
u
Bgx , (3.23)
gtz = ǫ
1
u
hzt (u) . (3.24)
We note that the gravitomagnetic field produces a current due to drag when the chemical
potential does not vanish. The equations of motion for the perturbations are
4αBguφ
′(u)2 +Bgλ
(
20f ′(u)2 − 16(f(u)− 1)f
′(u)
u
+
16
3
u2f ′(u)φ′(u)2
)
=
[(
1− k
2
2
Ju
)(
f(u)a′z(u) + φ
′(u)htz(u)
)]′
, (3.25)
u2f(u)
(
h′zt (u)
u
)′
=
k2
4
(
1 + 2u3Jφ′(u)2
)
hzt − u2φ′(u)
(
1− k
2
2
Ju
)
f(u)a′z(u)
− λBgµf(u)
(
80f(u) + 17uk2 + (172/3)u3µ2 − 80) . (3.26)
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The strategy to integrate these equations is the same as before. First we solve the equations
for az(u) by writing
htz(u) =
f(u)
µ
a′z(u) + 32Bg
1− u
1− k22 Ju
(
(−16u2 − 16u− 16− 144u4 + 48u3)λµ3
+ ((−u− 1)72α + (576u3 − 24uk2 − 144u3k2 + 192u2 − 24k2 + 192u+ 24u2k2 + 192)λ)µ
+
λ
µ
(−576u − 36u2k4 + 144k2 − 576u2 + 288u2k2 − 576 − 9k4 + 144uk2)) .
(3.27)
Again we have fixed an integration constant by demanding that htz(u) vanishes on the
horizon. The equation for htz(u) is now converted into a third order equation for az(u).
This equation can be solved with the same boundary conditions as in the case of the
magnetic field. The details of the lengthy solutions are not interesting to us. The resulting
asymptotic expansions are
az(u) = (2αµ
2u+ 16π2T 2λ)Bgu+O(u
2) , (3.28)
hzt (u) = −
(
2
3
αµ3 + 16λµπ2T 2
)
Bgu
2 +O(u3) . (3.29)
In contrast to the case with magnetic field, the asymptotic expansions are completely
independent of the disorder parameters. This is accord with the form of the energy-
momentum tensor since the new contributions to it depend only on external electromagnetic
fields but not on the externally applied gravitomagnetic field. We find thus for the response
due to a gravitomagnetic field
~J =
(
4αµ2 + 32π2T 2λ
)
~Bg , (3.30)
~JE =
(
8
3
αµ3 + 64λµπ2T 2
)
~Bg . (3.31)
Remembering that gravitomagnetic field and vorticity are related by ~Bg = 2~Ω, these are
the usual responses of a chiral fluid due to vorticity.
4 Conclusion and Discussion
Chiral magnetic and chiral vortical effects are anomaly induced dissipationless transport
phenomena. Holography has played a major role in their discovery and interpretation.
Here we showed that - as expected - in a simple holography model of disorder the chiral
magnetic and chiral vortical effects are unchanged.
While this result could have been expected and at least the response in the charge
current could be inferred from [27], the response in the energy current turned out to be
more interesting. The mixed gauge gravitational Chern-Simons term modifies the defini-
tion of the holographic energy-momentum tensor. We found the new form by allowing the
extrinsic curvature to vary independently near the boundary. Then we demanding that
– 9 –
the energy momentum tensor fulfills a standard Ward identity in which the extrinsic cur-
vature acts like an external source conjugate to the operator uij . We emphasize however
that the background we found is a perfectly asymptotically AdS background in which the
extrinsic curvature is asymptotically proportional to the induced metric in the standard
fashion Kij = γij+ . . . . Nevertheless, even to first order in the gravitational Chern-Simons
coupling λ, the new terms in the energy-momentum tensor contribute and precisely restore
the usual form of the chiral magnetic effect in the energy current. It is also important to
realize that the new terms contribute only due to the fact that the asymptotic expansion
of the metric contains a constant term, gtt = − 1u + k
2
4 + O(u) and guu =
1
4u +
k2
16 + O(u),
which is a direct consequence of the presence of a background of massless scalar fields.
Another important remark concerns the form of the anomalous transport coefficients.
In translation symmetry preserving backgrounds, an additional integration constant in the
solution for the fluctuation hzt is allowed. This integration constant can then be used to
choose a frame, e.g. one could use it to fix the Landau frame [28]. In the theory with
a massive graviton, such an integration constant is absent and regularity of the solution
uniquely fixes the frame which should be interpreted as the disorder rest frame [20, 21].
We also note that the gravitational Chern-Simons term and the charge disorder term
proportional to the coupling J are both of higher derivative nature and therefore should
in principle be understood as perturbative couplings in an effective field theory manner,
viewing them as subleading terms in the 1/N expansion. Since we are only interested
in linear response in the magnetic and gravito-magnetic fields, this is automatic for the
Chern-Simons coupling λ. We decided however to follow [16, 17] who treat the analogues
of the J coupling non-perturbatively. This is interesting since it allows to compare the DC
conductivity (3.8) with the ones obtained there. We note that there is an unphysical region
in the parameter space in which the DC conductivity becomes negative. It is remarkable
that the anomalous transport coefficients can be computed exactly for all values of J and
are indeed independent of it.
It is also interesting to recall the results of [29] in which a Stu¨ckelberg field was added
to the gauge sector, thereby breaking gauge invariance in the bulk. In this theory the chiral
magnetic conductivity did get corrected. In contrast the Stu¨ckelberg field giving a mass to
the graviton does not influence the anomalous conductivities. Intuitively we propose to un-
derstand that as follows. The massive gravity theory breaks spatial translation invariance.
There is however no anomalous conductivity related to the conserved momentum. The
corresponding currents would be the purely spatial components of the energy momentum
tensor. Threfore the anomalous terms in Θ0i should be interpreted as energy current and
not as the (non-conserved) momentum density. In our setup energy and charge are still
conserved up to the anomalies. The anomalous transport in energy and charge current is
not modified. In this line of reasoning it would be very interesting to study holographic
setups that implement energy non-conservation.
Finally we note that the new form of the energy-momentum tensor should be useful to
understand the effects of the mixed gravitational Chern-Simons term on transport as has
been recently studied for other higher derivative actions in [30].
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